Abstract. We prove the existence of Alexandrov embedded closed magnetic geodesics on any two dimensional sphere with nonnegative Gauß curvature.
Introduction
Let (S 2 , g) be the two dimensional sphere equipped with a smooth metric g and k : S 2 → R a smooth positive function. We consider the following two equations for curves γ on S 2 :
and D t,gγ = |γ| g k(γ)J g (γ)γ, (1.2) where D t,g is the covariant derivative with respect to g, and J g (x) is the rotation by π/2 in T x S 2 measured with g. Equation (1.1) describes the motion of a charge in a magnetic field corresponding to the magnetic form kdV g and solutions to (1.1) will be called (k-)magnetic geodesics (see [1, 3, 5] ). Equation (1.2) corresponds to the problem of prescribing geodesic curvature, as its solutions γ are constant speed curves with geodesic curvature k g (γ, t) given by k(γ(t)).
It is easy to see that a nonconstant magnetic geodesic γ lies in a fixed energy level E c , i.e. there is c > 0, such that (γ,γ) ∈ E c := {(x, V ) ∈ T S 2 : |V | g = c}.
For fixed k and c > 0 the equations (1.1) and (1.2) are equivalent in the following sense: If γ is a nonconstant solution of (1.2) with k replaced by k/c, then the curve γ c (t) := γ(ct/|γ| g ) is a k-magnetic geodesic in E c , and a k-magnetic geodesic in E c solves (1.2) with k replaced by k/c. We study the existence of closed curves with prescribed geodesic curvature or equivalently the existence of periodic magnetic geodesics on prescribed energy levels E c .
Solutions to (1.1) or (1.2) are invariant under a circle action: For θ ∈ S 1 = R/Z and a closed curve γ we define a closed curve θ * γ by θ * γ(t) = γ(t + θ).
Thus, any solution gives rise to a S 1 -orbit of solutions and we say that two solutions γ 1 and γ 2 are (geometrically) distinct, if S 1 * γ 1 = S 1 * γ 2 .
There are different approaches to this problem, the Morse-Novikov theory for (possibly multi-valued) variational functionals (see [7, 13, 14] ), the theory of dynamical systems using methods from symplectic geometry (see [1, [4] [5] [6] 10] ) and Aubry-Mather's theory (see [3] ), and recently the theory of vector fields on infinite dimensional manifolds (see [11] ). We follow [11] and consider solutions to (1.2) as zeros of the vector field X k,g defined on the Sobolev space H 2,2 (S 1 , S 2 ) as follows: For γ ∈ H 2,2 (S 1 , S 2 ) we let X k,g (γ) be the unique weak solution of
in T γ H 2,2 (S 1 , S 2 ). The uniqueness implies that any zero of X k,g is a weak solution of (1.2) which is a classical solution in C 2 (S 1 , S 2 ) applying standard regularity theory. Concerning (S 2 , g) and a positive function k it is conjectured, every positive energy level E c contains a k-magnetic geodesic.
(1.4)
More precisely, the open problem in [2, is to show the existence of at least two closed k-magnetic geodesics on every positive energy level, which is is true for small energy levels depending on g and k (see [5, 6] ). In [11] it is shown that (1.4) is true, if the metric g is
In fact, if g is 1 4 -pinched and k is a positive function, then every positive energy level E c contains an embedded (simple) closed k-magnetic geodesic and the number of embedded closed k-magnetic geodesics in E c is even, provided they are all nondegenerate. We shall extend the above existence results. Instead of working in the class of embedded curves we consider solutions, that are Alexandrov embedded. An immersion γ ∈ C 1 (∂B, S 2 ) will be called oriented Alexandrov embedded, if there is an immersion F ∈ C 1 (B, S 2 ), such that F | ∂B = γ and F is orientation preserving in the sense that
Usually, Alexandrov embedded curves are defined to be the boundary of immersed manifolds. We restrict ourselves to the case of the ball B and oriented immersions F . If we equip B with the metric F * g induced by F , then the outer normal N B (x) at x ∈ ∂B with respect to F * g satisfies
where N γ (x) denotes the normal to the curve γ at x ∈ ∂B defined by
We shall prove The proof of our existence results is organized as follows. After setting up notation in Section 2 and introducing the classes of maps and spaces needed for our analysis we recall in Section 3 the definition and properties of the S 1 -equivariant Poincaré-Hopf index,
where M A is the set of oriented Alexandrov embedded regular curves in H 2,2 (S 1 , S 2 ). For positive constants k 0 we shall show that
where g can denotes the round metric induced by S 2 = ∂B 1 (0) ⊂ R 3 . Section 5 contains the apriori estimate which implies that the set of solutions to (1.2) is compact in M A , if the Gauß curvature of (S 2 , g) is nonnegative. The homotopy invariance of the S 1 -equivariant Poincaré-Hopf index then leads to the identity
The resulting proof of Theorem 1.2 is given in Section 6.
Preliminaries
Let S 2 = ∂B 1 (0) ⊂ R 3 be the standard round sphere with induced metric g can and orientation such that the rotation J gcan (y) is given for y ∈ S 2 by
where × denotes the cross product in R 3 . If we equip S 2 with a general Riemannian metric g, then the rotation by π/2 measured with g is given by
where G(y) denotes the positive symmetric map G(y) ∈ L(T y S 2 ) satisfying
The geodesic curvature k g (γ, t) of an immersed curve γ at t is defined by
where N g (γ(t)) denotes the unit normal of γ at t given by
. The vector field X k,g as well as the set of solutions to (1.2) is invariant under a circle action: For θ ∈ S 1 = R/Z and γ ∈ H 2,2 (S 1 , S 2 ) we define θ * γ ∈ H 2,2 (S 1 , S 2 ) by θ * γ(t) = γ(t + θ).
Moreover, for V ∈ T γ H 2,2 (S 1 , S 2 ) we let
for any γ ∈ H 2,2 (S 1 , S 2 ) and θ ∈ S 1 . Thus, any zero gives rise to a S 1 -orbit of zeros. We consider for m ∈ N 0 the set of Sobolev functions
For m = 0 the set H 0,2 (S 1 , S 2 ) = L 2 (S 1 , S 2 ) fails to be a manifold. In this case we define for
where m/2 denotes the largest integer that does not exceed m/2. Let X be a differentiable vector field on
of the vector field X with respect to the metric induced by g is defined as follows:
and define
For the vector field theory on infinite dimensional manifolds it is convenient to work with Rothe maps instead of compact perturbations of the identity, because the class of Rothe maps is open in the space of linear continuous maps. We recall the definition and properties of Rothe maps given in [16] for the sake of the readers convenience. For a Banach space E we denote by GL(E) the set of invertible maps in L(E) and by S(E) the set
Then the set of Rothe maps R(E) is defined by
If A = I + C ∈ GL(E), where C is compact, then A ∈ GR(E) and sgnA is given by the the usual Leray-Schauder degree of A.
Since g and k are smooth, X k,g is a smooth vector field (see [11, 15, Sec. 6 
Furthermore, we call γ a prime curve, if the isotropy group {θ ∈ S 1 : θ * γ = γ} of γ is trivial. From [11] there holds
We note that (see also [16, Thm. 6 
that depends only on the first derivatives of V and is therefore compact. Taking the inverse (−D 2 t,g + 1) −1 we deduce that D g X k,g | γ is the form identity + compact and thus a Rothe map.
where Exp z,g denotes the exponential map on (S 2 , g) at z ∈ S 2 . Due to its pointwise definition
and
and W g is a C 2 vector field on H 2,2 (S 1 , S 2 ). The form ω g (γ) and the vector W g (γ) are equivariant under the S 1 -action in the sense that for all θ ∈ S 1 and V ∈ T γ H 2,2 (S 1 , S 2 ) we have
We will compute the Poincaré-Hopf index for the following class of vector fields. 
and finite sets
Property (4) does not depend on the particular element γ of the critical orbit S 1 * γ, because from θ * X(γ) = X(θ * γ) we get
and Rothe maps are invariant under conjugacy. Concerning the regularity property (5), taking W i = 0, we deduce that if
such that the kernel of D g X| γ at a critical orbit S 1 * γ is nontrivial. The parameter ε > 0 ensures that (5) remains stable under small perturbations used in the Sard-Smale lemma below. If X is a vector field orthogonal to W g and X(γ) = 0, then
where the various curvature terms and terms containing derivatives of W g vanish as X(γ) = 0. Thus, X(γ) = 0 implies 4) and the projection Proj Wg(γ) ⊥ in (4) is unnecessary.
The orbit S 1 * γ is called a nondegenerate critical orbit of X, if X(γ) = 0 and
is an isomorphism.
The nondegeneracy of a critical orbit does not depend on the choice of γ in S 1 * γ. 
We write (M, g, S 1 )-homotopy, if the family of metrics g t is constant.
In We let M be an open S 1 -invariant subset of prime curves in H 2,2 (S 1 , S 2 ) and X a (M, g, S 1 )-admissible vector field on M . We shall define the S 1 -equivariant Poincaré-Hopf index χ S 1 (X, M ) of the vector-field X with respect to the set M . We begin with the definition of the local degree of an isolated, nondegenerate critical orbit of X. We fix a nondegenerate critical orbit S 1 * γ 0 of X in M . As X is (M, g, S 1 )-admissible, DX| γ 0 ∈ GR( W g (γ 0 ) ⊥ ) and we define the local degree of X at
From (3.2) the local degree does not depend on the choice of γ 0 in S 1 * γ 0 . 
In [11] it is shown that the definition does not depend on the particular choice of Y , and that the S 1 -degree does not change under homotopies in the class of (M, g, S 1 )-admissible vector-fields. The unperturbed problem with g = g can and k ≡ k 0 is analyzed in [11] . There holds
where M 0 denotes the set of embedded curves in H 2,2 reg (S 1 , S 2 ) and the zeros of X k 0 ,gcan are given by n-fold iterates of a S 2 -family of simple curves corresponding to parallels with a radius depending on k 0 . Since n-fold iterates are oriented Alexandrov embedded, if and only if n = 1 by Lemma 4.1 below, the zeros of X k 0 ,gcan in the set of oriented Alexandrov embedded regular curves M A and M 0 coincide and thus
( 3.6) 4. Alexandrov embedded curves Lemma 4.1. For n ∈ N let γ n be the n-fold iterate of a simple curve γ 1 ∈ C 1 (S 1 , S 2 ) in (S 2 , g can ) with nonnegative geodesic curvature. Then γ n is oriented Alexandrov embedded if and only if n = 1.
Proof. Since γ 1 is simple, S 2 \ γ 1 (S 1 ) consists of two simply connected components by the Jordan curve theorem. We letB be the component, where the normal N γ to γ is the outer normal. By the Riemann mapping theorem there is an orientation preserving diffeomorphism fromB to the open ball B showing that γ 1 is oriented Alexandrov embedded. Assume γ n is oriented Alexandrov embedded and let F n be the corresponding immersion. We equip B with the metric F * n g can induced by F n . To obtain a contradiction we assume that F n is surjective. From the Gauß-Bonnet formula theorem we derive
which leads to the desired contradiction. Hence F n is not surjective and using stereographic coordinates we may assume that γ 1 is a simple curve in the plane (R 2 , δ) with standard metric δ. If we apply the Gauß-Bonnet formula to (B, F * n δ) and the embedded curve γ 1 in the plane, we obtain
which is only possible for n = 1. Proof. We fix (γ n ) and γ 0 that satisfy the above assumptions and denote by F n : B → S 2 the corresponding sequence of oriented immersions, such that F n | ∂B = γ n . As γ n is a C 2 -map, we may assume F n is in C 2 (B, S 2 ) as well.
Since the convergence is in C 2 (∂B, S 2 ), there is ε 0 > 0 such that for all n ∈ N 0 the map T S 2 ,n :
is an immersion, where N S 2 ,n (y) is the outer normal at γ n (y) to F n (∂B), if n = 0, and
Moreover, we may assume that the geodesic curvature of the curves T S 2 ,n (·, s) is uniformly bounded, i.e. there is k 0 > 0 such that
We consider (B, F * n g), where F * n g denotes the metric induced by F n . Shrinking ε 0 > 0 we have the following
T B,n (y, t) := Exp y,F * n g (tN B,n (y)), where N B,n (y) denotes the outer normal to ∂B at y with respect to F * n g, is well defined and a diffeomorphism onto its range.
We postpone the proof of the proposition and proceed with the proof of Lemma 4.2. Due to the unique solvability of the ordinary differential equation corresponding to the exponential function we have
Since (γ n ) converges to γ 0 in C 2 (∂B, S 2 ), there is n 0 ∈ N such that a reparametrization of γ 0 is a graph over γ n 0 , i.e. there is s ∈ C 1 (∂B, (−ε 0 , ε 0 )) and an oriented diffeomorphism α ∈ C 2 (∂B, ∂B), which is close to the identity, such that γ 0 (α(y)) = T S 2 ,n 0 (y, s(y)) ∀y ∈ ∂B.
If we define F 0 : B → S 2 by
, by (4.2). Since F 0 | ∂B = γ 0 • α and F 0 is an oriented immersion as a composition of such immersions, we see that γ • α is oriented Alexandrov embedded. The diffeomorphism α can be extended to an oriented diffeomorphism A of B: We consider ∂B as R/2πZ, assume after a rotation α(0) = 0, and define A in polar coordinates by
where
is any function satisfying
Consequently, γ 0 is oriented Alexandrov embedded as well using F 0 • A −1 , which yields the claim of Lemma 4.2. It remains to prove Proposition 4.3: Firstly, we note that for any n ∈ N the map T B,n is defined in
where σ(y, n) := sup{t : T B,n (y, −t) ∈ B} = sup{t : T S 2 ,n (y, −t) ∈ F n (B)}, σ(∂B, n) := inf{σ(y, n) : y ∈ ∂B}.
Differentiating (4.2) we find in
Hence, T B,n is a local diffeomorphism and it is enough to show, after possibly shrinking ε 0 > 0, that
To obtain a contradiction assume that σ(∂B, n) → 0 as n → ∞.
It is standard to see that σ(∂B, n) is attained at some y 0,n ∈ ∂B and that the geodesic
is perpendicular to ∂B at T B,n (y, −σ(∂B, n)). We fix n 1 > 0 such that σ(∂B, n 1 ) < ε 0 /2 and σ(∂B, n 1 ) is attained at y 0 ∈ ∂B. Due to the minimality of σ(y 0 , n 1 ) the parallel curve y → T B,n 1 (y, σ(y 0 , n 1 )) lies inside B with positive curvature and touches ∂B at y 0 from the inside. This leads to the desired contradiction due to the positive curvature of ∂B and the maximum principle.
To show the injectivity we argue by contradiction and assume that there is a subsequence of (γ n ), still denoted by (γ n ), and a sequence (y 1,n , y 2,n , t 1,n , t 2,n ) in (∂B) 2 × (0, 1 n ) 2 such that y 1,n = y 2,n and
Going to a subsequence we may assume y 1,n → y 1 and y 2,n → y 2 as n → ∞.
For i ∈ {1, 2} we have
Consequently,
, which is an immersion. By the same argument, we deduce that for any 0 < r and any 0 < ε ≤ ε 0 there is δ = δ(r, ε) > 0 and n 0 = n 0 (r, ε) such that for all n ≥ n 0
Since 0 < t 1,n , t 2,n < 1 n and y 1 = y 2 , taking 0 < r < dist ∂B (y 1 , y 2 )/2 and 0 < ε ≤ ε 0 we infer that y 2 ∈ B δ (y 1 ) for n large enough. Consequently, as ε > 0 may be chosen arbitrarily small,
This yields a contradiction as above and finishes the proof. Proof. Let γ 0 ∈ H 2,2 (S 1 , S 2 ) be oriented Alexandrov embedded. Then there is an oriented immersion F 0 : B → S 2 such that F 0 | ∂B = γ. We may extend F 0 to an open neighborhood U of B such that F 0 remains an immersion and F 0 (U ) is open. If γ is close enough to γ 0 , then γ lies in F 0 (U ) and we may write γ as a graph over γ 0 with respect to its normal. Since γ(∂B) ⊂ F 0 (U ) we may proceed as in the proof of Lemma 4.2 to deduce that γ is oriented Alexandrov embedded as well.
The apriori estimate
We fix a continuous family of metrics {g t : t ∈ [0, 1]} on S 2 and a continuous family of positive continuous function {k t : t ∈ [0, 1]} on S 2 , such that the Gauß curvature K gt is nonnegative and
We let X t be the vector field on H 2,2 (S 1 , S 2 ) defined by
We denote by M A ⊂ H 2,2 (S 1 , S 2 ) the set
We shall show that the set
Then there is an oriented immersion F : B → S 2 with F | ∂B = γ. We denote by F * g t the induced metric on B. Using F | ∂B = γ, K gt ≥ 0, and the fact that F is a local isometry from (B, F * g t ) to (S 2 , g t ), the Gauß-Bonnet formula gives
where L(γ, g t ) denotes the length of γ in the metric g t .
To obtain a contradiction assume that there is (γ n , t n ) in X −1 (0) such that L(γ n , g tn ) → 0 as n → ∞. We denote by F n the corresponding oriented immersions. Since the sets {g t : t ∈ [0, 1]} and {k t : t ∈ [0, 1]} are compact, all involved metric are uniform equivalent to the standard metric g can and there is C k,gcan > 0, such that
For n ∈ N we let
Due to the uniform equivalence of the involved metrics and the uniform bound on the geodesic curvature L n andL n tend to 0 as n → ∞. From the Gauß-Bonnet formula applied to (B, F * n g can ) we obtain A n = 2π −L n .
Applying the isoperimetric inequality [8] to (B, F * n g can ) we find
which is impossible for large n. Consequently, the length L(γ, g t ) for (γ, t) ∈ X −1 (0) satisfies c ≤ L(γ, g t ) ≤ inf{k t (x)} −1 2π (5.1)
for some positive constant c = c({k t }, {g t }).
Fix a sequence (γ n , t n ) n∈N in X −1 (0). Since γ n is a zero of X tn , the curve γ n is parameterized proportional to its arc-length. From the bound in (5.1) we see that (γ n ) is uniformly bounded in C 1 (S 1 , S 2 ). Using the equation (1.2) and standard regularity theory we find that (γ n ) is bounded in C 3 (S 1 , S 2 ), such that we may extract a subsequence, still denoted by (γ n , t n ) n∈N , which converges in C 2 (S 1 , S 2 ) × [0, 1] to (γ 0 , t 0 ). Due to the convergence in C 2 (S 1 , S 2 ) we have X t 0 (γ 0 ) = 0, and the lower bound in (5.1) implies that γ 0 is an immersion. From the stability of oriented Alexandrov embeddings in Lemma 4.2 we deduce that γ 0 is oriented Alexandrov embedded and hence (γ 0 , t 0 ) ∈ X −1 (0). This shows that X −1 (0) is compact.
From the homotopy invariance we now get
Existence results
We give the proof of our main existence result.
Proof of Theorem 1.2. From the uniformization theorem there are a function ϕ ∈ C ∞ (S 2 , R) and an isometry F of (S 2 , g) to (S 2 , e ϕ g can ), where g can denotes the standard round metric on S 2 . Since the problem of prescribing geodesic curvature is invariant under isometries we may assume without loss of generality that g = e ϕ g can .
We consider the family of metrics {g t : t ∈ [0, 1]} and the family of positive continuous function {k t : t ∈ [0, 1]} defined by g t := e tϕ g can , k t := (1 − t)(inf k) + tk.
Then k t ≥ inf k > 0 for all t ∈ [0, 1] and the Gauß curvature K gt of the metric g t satisfies K gt = e −tϕ − t∆ gcan (ϕ) + 2 = e −tϕ − t(2 − K g e ϕ ) + 2 ≥ 0, because K g is nonnegative.
From Section 5 the homotopy
is (M A , g t , S 1 )-admissible and by (3.6) and (5.2)
This gives the claim.
